Planar sliding of objects is modeled and analyzed. The model can be used for non-prehensile manipulation of objects lying on a surface. We study possible motions generated by frictional contacts, such as those arising between a soft finger and a flat object on a table. Specifically, using a quasi-static analysis we are able to derive a hybrid dynamical system to predict the motion of the object. The model can be used to find fixed-points of the system and the path taken by the object to reach such configurations. Important information for planning, such as the conditions in which the object sticks to the friction patch, pivots, or completely slides against it are obtained. Experimental results confirm the validity of the model for a wide range of applications.
Introduction
An object can be manipulated using either a prehensile or a non-prehensile approach. Thin flat objects on a surface are hard to grasp, but can be manipulated by pushing or pulling. Several strategies are imaginable. If the object is small compared to a hand, it is possible to cage it within the hand. Depending on the height of the object, it could also be pushed from the side by some parts of the hand or moved by using an elevated edge or any bumps or dents on its surface. In certain cases, force closure can be achieved by pressing the object for example against the table and moving the object as if it was grasped. Nevertheless, a practically interesting case is when the hand is placed on top of the object, but the friction between the object and the hand is controlled such that the object can pivot (Fig. 1 ). This strategy is an example of exploiting environmental constraints for manipulation (Malvezzi et al., 2019) . The benefits are immediate when force closure is impossible, no matter how hard the object is pressed (e.g., due to a small contact area), or when hand reorientation is limited, for example due to kinematic limitations of the robotic arm.
When a robot end-effector (e.g., a hand or a soft finger) establishes a frictional contact with an object, it can transfer forces through the friction patch formed between them. Such contact, when used for pivoting, behaves similarly to a joint. However, it can transfer not only forces between the end-effector and the object but also torque. This fact can be used to control the angular velocity of the object.
Contact mechanics is a complex phenomenon (Johnson, 1985) . The concept of limit surfaces has been introduced as a convenient way to characterize the friction properties of two surfaces sliding against each other (Goyal, 1989) . A practical approximation of the limit surface was proposed by Howe and Cutkosky (1996) . The observation is that limit surfaces can be approximated by ellipsoids. This result has also been confirmed for soft finger models (Xydas and Kao, 1999; Fakhari et al., 2016) .
Planar sliding by means of pushing from a side of an object is a classic topic in robotics (Mason, 1982; Peshkin and Sanderson, 1987) . Active sensing and pushing using only tactile feedback was proposed by Lynch et al. (1992) . Ruiz-Ugalde et al. (2011) Figure 1: An example in which the friction is utilized to move and reorient the cell phone. studied pushing objects with rectangular support. Under uncertainty of the center of pressure, Huang et al. (2017) provides exact bounds for the motion of a sliding object. Pushing on the edge of blocks is revisited based on differential flatness for planning and control . In these scenarios, the contact surface between the pusher and the object has been assumed small such that no moment can be transferred through the contact area.
Exploiting extrinsic dexterity, a grasped object can be manipulated. For example, Chavan-Dafle and Rodriguez (2017); Chavan-Dafle et al. (2018) have considered scenarios where objects were pushed against various fixtures, while they were ensured to stick to the fixtures. A discrete set of hard point contacts was used to model the friction between the fixture and the object, while for the grasp the limit surface concept was utilized. For planning of stable pushes, a polyhedral approximation to motion cones was calculated (Chavan-Dafle and Rodriguez, 2017) .
Using friction patches has also been studied in the context of in-hand manipulation tasks (Bicchi et al., 1993; Shi et al., 2017) . For the task of dynamic pivoting, assuming a "pivoting joint" and using a simple friction model, a robust controller was proposed to cope with the uncertainty in the torsional friction (Hou et al., 2016) . Additionally, adaptive control strategies have been considered by Viña B. et al. (2016) . Common simplifying assumptions used also in these works are that the contact points of the fingers and the object are fixed and/or the friction is isotropic with limit surfaces described by diagonal matrices.
A generic manipulation problem with compliance and sliding was studied by Kao and Cutkosky (1992) . In the subsequent articles, Kao and Cutkosky (1993) ; Xue and Kao (1994) analyzed manipulation of a business card on a frictionless table top using symmetric motion of two soft fingers. A good match between the theory and the experiments was reported.
The problem of planar sliding when there is torque transfer between the object and the manipulator, due to the dimension of the contact area, can be regarded as an extension of pushing problems (Lynch et al., 1992; . Some of the previously suggested approaches can also be adapted to this problem (Kao and Cutkosky, 1992; Shi et al., 2017; Chavan-Dafle et al., 2018) . Nevertheless, there has not yet been a complete analysis of this problem per se. Thus, the aim of this article is to provide an adequate mathematical model of planar sliding using friction patches for the purpose of control and planning.
Modelling
Consider the configuration shown in Figure. 2. We refer to the part moving the object as a hand, which can be any part of a robotic hand such as a soft finger or in general a part of an endeffector. We assume that the object is rigid and the hand does not roll against it. The patch, which is the part of the hand in touch with the object, may however deform. Accordingly, we assign body-fixed frames to the object and to the patch. The frame attached to the patch is designated by {H} and the frame of the object by {O}. For convenience, we consider the frame of the object to be fixed at its center of mass (COM) with its z-axis orthogonal to the sliding surface. For the hand, we consider the frame to be fixed at the centroid of the patch. Moreover, we assume that the limit surfaces (LS) are symmetric with respect to the origin (if the direction of motion is reversed, so are friction forces). They can also be approximated by ellipsoids with respect to the Center of Pressure (COP).
Here is the list of the assumptions:
• The surface and the object are much more rigid compared to the robotic hand.
• The hand is placed on top of a flat object.
• The hand does not roll against the object.
• The Coulomb friction model is used.
• The limit surfaces are symmetric with respect to the origin and can be approximated by ellipsoids.
• The velocities are low enough such that the quasi-static condition holds.
Summary of nomenclature
Capital bold letters denote matrices. Vectors are denoted by an arrow above a symbol, while small bold letters represent coordinate vectors. Scalars are typeset in roman.
q o generalized coordinates of the object q h generalized coordinates of the patch ν o twist of the object wrt frame {O} ν h twist of the patch wrt frame {H} v h linear velocity of the patch ν rel relative twist of the patch and the object in {H} w o wrenches exerted on the object wrt frame {O} w h wrenches exerted on the hand through the patch p position of the pivot point wrt frame {H} m torque J(r) Jacobian for a point at relative coordinates r R(θ) Rotation matrix along z direction with θ rad G(q) Jacobian for a frame with relative coordinates q A LS of object-surface contact wrt frame {O} B LS of hand-object contact wrt frame {H} A LS of object-surface contact wrt frame {H} Φ principal sliding wrenches Λ generalized eigenvalues ofÂ and B
Preliminaries
The generalized coordinates of the object are denoted by
and the twist and the wrenches expressed in the body-fixed frame are
Similarly, the respective quantities for the friction patch are defined and denoted by the subscript h.
The relative coordinates of frame {H} with respect to {O} can be written as
where R(·) is the rotation matrix along the z-axis
We also define for a position vector r = [x r , y r ] T ,
with the property that J(r 1 )J(r 2 ) = J(r 1 + r 2 ) for any r 1 and r 2 . Accordingly,
Proposition 1. The relation between planar twists ν p given in frame {P} and ν o given in frame {O}, with relative coordinates
) Similarly, the wrenches are related according to
Proof. By changing the point of reference, we find
Rewriting (6a) in the frame {O}, we obtain
whereî,ĵ, andk denote unit coordinate vectors. Similarly for the forces, we have
Rewriting (7b) in the frame {O} results in
Additionally, the change of the frame from {P} to {O} requires
The proof is completed by rewriting the results in matrix form.
Using the Coulomb model of friction between surfaces, the friction wrench with respect to point o can be calculated as
where p(r) denotes the pressure and v(r) denotes the relative linear velocity between sliding surfaces at position r. The integral is calculated over the area D. Based on the assumed quadratic model of the limit surfaces, the relation between (8a) and (8b) can be approximated by an implicit function
for a positive definite matrix A ∈ R 3×3 . The corresponding twist is parallel to the gradient of H(w). Thus,
Note that for a given w applied to an object sliding on a surface, there will be no relative motion if
and the object will be accelerating if H(w) is larger than one. By combining (9) and (10), it is possible to eliminate k and hence to find wrenches as a function of the twist
Proposition 2. Assume that the limit surface calculated with respect to frame {O} can be represented by
where A is a positive definite matrix. Then, the limit surface with respect to frame {P}, which has the relative coordinates
Proof. The result is achieved by the direct application of Proposition 1. For the positive definiteness, note that
Since G is full rank, G T w is zero if and only if w = 0. Consequently, the matrixÂ is positive definite.
The following theorem shows that a limit surface characterized by any positive definite matrix can be assumed as a diagonal matrix with respect to a frame assigned at the COP. Theorem 3. Any positive definite matrix A ∈ R 3×3 can be decomposed as
where Λ is a diagonal matrix, and R and J are rotation and Jacobian matrices as defined in (1) and (2), respectively.
Proof. See appendix A
Force and velocity relations
The limit surfaces and the relation between the friction wrench exerted on the hand through the patch w h and the wrench affecting the object w o are:
where G := G(q rel ) denotes the Jacobian corresponding to the relative coordinates of frame {H} with respect to {O}. Equation (18) is derived from the fact that the wrenches on the object sum to zero under the assumption of quasi-static manipulation, i.e., the inertial forces are negligible. Additionally, we have these velocity relations
where ν rel denotes the relative twist of the patch with respect to the object expressed in {H}. Equations (19) and (20) are the counterparts of (10) while (21) is obtained by first transforming ν o to the frame of the patch and then subtracting it from the twist of the patch.
Solution
Using (18) it is possible to rewrite (16) as
whereÂ = GAG T characterizes the limit surface of the object at frame {H}. By solving the generalized eigenvalue problem BΦ =ÂΦΛ, we can simultaneously diagonalizeÂ and B such that
where I ∈ R 3×3 denotes the identity matrix. Thus, by applying w h = Φw we transform (17) and (22) to
(23b) Moreover, by subtracting (23b) from (23a), we find the normal form
where C := Λ − I is a diagonal matrix. Note that if there is a solution to (24), it is possible to recover the wrenches at the patch and the object frames using the following relations
In view of (23), feasible wrenches w lie on the intersection of an ellipsoid with the unit sphere. Accordingly, there are several possible cases:
• The limit surface of the object lies entirely inside the limit surface of the patch, hence C ≺ 0. Since any required forces for sliding can be provided through the patch, the hand sticks to the object (ν rel = 0). The only possible mode in this case is called sticking.
• The limit surface of the patch is entirely contained in the limit surface of the object, hence C 0. In this case, the hand cannot provide enough force through the patch for sliding the object against the surface, hence the object remains still and the patch slides against it (ν o = 0). We call the corresponding mode slipping.
• Otherwise, there exists a ν h for which the hand can move the object while allowing it to pivot. We call this mode pivoting. An example in which pivoting is possible is illustrated in Figure 3 .
Using the transformations (25), it is also possible to rewrite (19)-(21) to obtain From (26)- (28), we concludẽ
Substituting (29) into (24a) results iñ
which is equivalent to (31) where c i and λ i are the diagonal elements of C and Λ, respectively. Equation (31) can be solved for α. Afterwards, by substituting (29) into (24b), it is possible to calculate k 1 .
A relation between ν o and ν h can also be found by substituting (29) back to (26)
h . After some algebraic manipulations, we have
where h ν o := Gν o is the twist of the object expressed in {H}.
Using (28), we find the relative twist to be
When the patch slides against the object, there is a pivot point, which can be determined by finding the point where the object and the patch have the same velocity. In other words, the pivot point is the instantaneous center of rotation (COR) between the patch and the object. Using the velocity transfer relation according to Proposition 1, we conclude the location of the pivot point in the hand frame is
where ν rel = v xr , v yr , ω r T denotes the relative twist of the patch with respect to the object expressed in {H}.
In sticking mode, the pivot point is indeterminate and we may choose any point, e.g., the origin of {H}. However, at the boundary of pivoting and sticking modes, it is possible to make the pivot point a continuous function by evaluating the limit as α → 0. In view of (33), this is equivalent of substituting ν rel in (34) withν
Regions of validity
If there is α > 0 to satisfy (31), the pivoting mode is active, which implies having a finite pivot point. Otherwise, the wrenches can be calculated to identify which mode is valid. In sticking mode, from the twist of the patch and the fact that the object slides on the surface, we can easily calculate w
(35b) Then, the sticking mode is valid if the contact between the patch and the object can be sustained by the friction, i.e.,
(37) Using (35a), it is possible rewrite the condition as ν
Note that whenever α = 0, the relative velocity is zero and hence the mode is sticking. Since in this case Equation (30) degenerates to condition (38) with an equality sign, we extend the condition to include also its boundary. Accordingly, in sticking modeν
or equivalently ν T hÂ
Similarly, in slipping modẽ
Using a similar argument as mentioned before, we extend the boundary to include the case α → ∞ and express the condition using (41a) asν
or equivalently ν
3 Dynamical system
The quasi-static behavior of the system is determined based on the modes of the system. There are three modes depending on which contact surface can provide enough friction to avoid slippage. To determine the active mode, i.e., the discrete state of the system, when ν h 0 first we solve (31). If there is a positive real solution, then the pivoting mode is selected. Otherwise, depending on whether the condition (39) or (43) is fulfilled, sticking or slipping mode is selected, respectively. When ν h = 0, the definition of the mode is somewhat arbitrary. Hence, if neither C ≺ 0 nor C 0, we set the mode to pivoting. This procedure is summarized in Algorithm 1.
By integrating the twists in the global frame, we find the generalized coordinates of the patch and the object. This implies the dynamical systemq
In pivoting mode, i.e., when ∃α > 0, using (32) we find
where
Otherwise, in sticking mode, using (28) and the fact that ν rel = 0 we obtain
In slipping mode, the velocity of the object is zero,
The wrenches at the hand w h can also be expressed in terms of the states and ν o , which in turn is a function of the input. Using (11) together with (18), we conclude
Accordingly, in pivoting mode using (46) we have
And in sticking mode,
Algorithm 1 In slipping mode, ν r = ν h . Therefore, using (11) it is concluded that
Effect of normal forces
Our formulation is generic with respect to A and B describing the limit surfaces, as long as the matrices are positive definite. In fact, both matrices can be time-varying, specifically when the COP of the object does not have a fixed transformation to its COM or when the patch is deforming as a result of variations in normal or tangential forces.
For surfaces with homogeneous friction coefficients and symmetrical pressure distributions, with no deformation of contact areas as a result of varying normal forces, the trajectory depends only on the ratio between normal forces at the Hand-Object (HO) and the Object-Environment (OE) contacts, and not their absolute values. The reason is that given these assumptions, the normal forces as well as the friction coefficients can be factorized from A and B, and in the solution only the ratio will appear. Nevertheless, the friction forces will be scaled.
In general, when the normal force at the patch is changed, the frictions related to HO and OE are not proportionally changed. Firstly, the lower surface has to additionally support the weight of the object, secondly the pressure distribution may vary and become stronger closer to the patch, and thirdly deformation of the patch may increase its contact area.
To exactly model the effect of normal force, it is required to know the pressure distributions and their variation. This is not a simple task as the pressure distribution depends in general on the stiffness of the contact surfaces, geometry of the contact, and relative velocities. Particularly, the friction patch may go through large deformations as a function of normal forces.
To get an understanding of the effect of normal force, consider a special case where a flat object and a sphere-shaped soft finger following a Hertzian law are in contact. Denoting the normal force on the sphere by f n , the pressure distribution at radius r is (Johnson, 1985) p(r)
and a is the radius of the contact area. Using this pressure distribution, Equation (8) allows us to calculate the maximum friction force and torque
By changing the normal force, the radius of the contact area increases according to
where R is the radius of the sphere and E * is the effective elastic modulus. As it can be seen, while tangential forces depend linearly on the normal force, the torque has a nonlinear dependence because of the increase in contact area. Accordingly, it is possible to change the ratio of the torsional to tangential friction of the patch.
Another observation is that by pressing the patch harder, the COP of the object shifts more toward the patch. Although modeling the exact physical phenomenon is complicated, we can easily incorporate this effect using a computational model. For example, define s ∈ R to be a value between zero and one characterizing the percentage of the shift of the COP
where c and δ are model parameters and mg is the weight of the object. Then, if the limit surface at the COP of the object is characterized by A COP and r denotes the relative position of the hand frame w.r.t. the object frame, the limit surface at the object frame is
A similar approach can be used to compensate for the shift of COPs due to relative velocities. See Appendix D for experimental validation of the proposed model for the shift of COP.
Properties of the solution
In this section, we describe a number of properties of the quasistatic sliding motion. Some are general properties concerning the well posedness of the problem and some are useful results for planning and control.
If none of the diagonal elements of C are zero, i.e, the matrix is full rank, we can prove that there is always a unique solution to the system. First we prove that there could exist at most one solution in pivoting mode. Secondly, we prove that there exists at least one active mode and it is impossible to have any two modes active at the same time. Note that when C is rank deficient, ν o is indeterminate for certain ν h since the forces can be balanced for any value of α ≥ 0. For example, in one-dimensional space, as a consequence of Coulomb friction model, if the friction force at HO contact is exactly the same as the friction at OE contact, the object can have any velocity in the range from zero to the hand velocity.
Theorem 4. If C is full rank and ν h 0, there is at most one positive solution (α > 0) to Equation (31).
Proof. See Appendix B.
Theorem 5. If C is full rank and ν h 0, the mode is uniquely determined.
Proof. See Appendix C.
Note that the transition between modes can happen smoothly. For example, the pivot point can gradually shift to infinity as the patch starts to slide against the object or go to a limit value as the patch and the object approach the same velocity. Proof. Note that α which is the solution to (31) is not affected by scaling ν h . The proof is completed by considering the relations (46) and (47).
Corollary 1. Reversing the twist of the patch reverses the twist of the object, which is proved by setting c = −1.
Corollary 2. When ω h = 0, the location of the pivot point as a function of the velocity direction is periodic with period π. The proof is straightforward by considering (33) and (34).
Note that Corollary 1 does not guarantee that reversing a trajectory will bring the object back to its initial state. This is due to the sensitivity of the dynamical system to perturbations, e.g., reversing from the vicinity of a fixed-point is very sensitive to noise.
Theorem 7. Given the quasi-static assumption for sliding, the path of the object is invariant under scaling of the patch twist according to cν h (ct) for any constant c ∈ R 0.
Proof. Let us defineq o (t) := q o (ct) where q o (t) is the solution of (45b). Accordingly, we concludė
From Theorem 6, it is clear that cν h (ct) results in cν o (ct). Thus, q o (t) is the solution of the system with the scaled input velocity. Since a path is independent of its parametrization, the path defined by q o (t) is the same asq o (t).
Corollary 3. Starting from the same initial configuration and moving the patch along a line at a constant velocity, the distance required for the patch to move for causing a certain change in the orientation of the object, ∆θ o , is independent of the velocity.
It is possible to find the set of patch twists corresponding to each mode of the system. As we will prove, these sets define cones in twist space. This allows defining a similar concept to motion cones appeared in (Mason, 1986; Lynch and Mason, 1996) , defining the set of possible velocities for stable pushing, i.e., when the pusher does not slide against the object. In this article, we use the term more generically to refer to twist subspaces corresponding to any modes, i.e., we may use slipping, sticking, and pivoting motion cones. However, unless it is specified, by a motion cone we also mean the subspace corresponding to sticking mode.
For constant twists of the friction patch, fixed-points of the system are in sticking mode, i.e., when the patch configuration does not change with respect to the object. This is analogous to stable pushing. For straight line motions, starting from the pivoting mode, a possible fixed-point is reached at the limit when ω o = 0.
Theorem 8. The boundary of each mode in twist space of the patch is a conical surface. The set of patch motions for which the object sticks to the patch or slips against it defines a cone. Accordingly, the pivoting mode is the intersection of the complement of these two cones.
Proof. The theorem is a direct result of the discussions of the regions of validity in Section 2.5. According to (39), sticking mode is valid ifν
and the boundary is obtained with the equality sign. Similarly, for slipping mode from (43) we havẽ
These equations define closed cone sets in the form of the interior and the exterior of elliptic cones, depending on the signs of the diagonal elements of C. The intersection of the complement of these sets defines the region of validity for pivoting motion, i.e.,
By changing the basis according toν h = Φ T ν h , the proof is completed.
The following Theorem allows us to define bounds for the direction of the patch velocity that leads to pivoting mode. Theorem 9. If ω h = 0, there is either no v h for pivoting mode, or v h lies inside a planar cone or two planar cones.
Proof. According to Theorem 8, the region of pivoting mode in twist space is the intersection of two cone sets with vertices at the origin. Considering the intersection of this set with the plane ω h = 0 the proof is completed.
Since the motion cones depend on the position of a patch, we always draw them with respect to {H}. Note that the motion cones are three dimensional objects. In two-dimensional space, we draw the intersection of the cone with the ω h plane. When ω h = 0 the resulting intersection is a planar cone, but when ω h 0, the intersection can be any conic section. This implies that changing the magnitude of the linear velocity may result in a mode change. Theorem 10. Assume variations of A with respect to hand placements are negligible. Then, the locus of patch positions with the same v h characterizing the boundary of the planar motion cone (ω h = 0) is composed of at most two parallel lines.
Proof. The boundary of the planar motion cone is characterized by ν h := v T h , 0 T that solves (40) with the equality sign. Expanding the expression, we find
The Jacobian matrix G(q rel ) is a function of the relative position of the patch and the object r = x r , y r . As a result
varies with the change of the patch position. Since ω h is zero,
Thus, the right-hand side of (64) is independent of r. The lefthand side can be written as where
T , we find
Accordingly, (64) defines a second order equation in u 1 y r −u 2 x r + u 3 . This completes the proof that if there are any solutions for x r , y r , they can form at most two lines with the slope −u 2 /u 1 .
Corollary 4. If A characterizes an isotropic friction, moving {H} along one boundary of a motion cone keeps that boundary intact for the new patch position.
Proof. In this case, u = [u 1 , u 2 , 0] T and is aligned with the velocity of the patch in the object frame. From (68), we find that if [u 1 , u 2 ]
T denotes the unit vector for the boundary of the motion cone of a patch at x 0 , y 0 T , then r = x 0 + ku 1 , y 0 + ku 2 T for k ∈ R is the locus of the patch positions with [u 1 , u 2 ]
T as the boundary of their planar motion cones.
An example to illustrate the result of Corollary 4 is given in Figure 4 .
Note that when the pivot point does not shift significantly, an approximation of the maximum amount of rotation can be achieved by calculating the angle between the direction of v h and the stable boundary of the planar motion cone. Knowing the direction of possible displacements of the patch with respect to the object, the result of Theorem 10 makes it possible to answer whether the approximation is an upper bound or a lower bound.
Theorem 11. In a given configuration, the locus of pivot points for all hand velocities is a conic section.
Proof. The set of possible wrenches w for pivoting mode lives on the intersection of a cone and the unit sphere according Figure 5: An example demonstrating the locus of possible pivot points for various hand velocities and normal forces. For higher normal forces exerted by the hand, the pivot points get closer to the cross which shows the COP of the friction patch.
to (24) . Transforming this set to ν rel using (27) results into a new cone for relative twists. Since all ν rel on a generatrix of the cone result in the same pivot point, it is enough to consider the intersection of this cone with the plane ω r = 1 to find x p and y p . This completes the proof.
According to Theorem 11, the locus of pivot points partitions the space into three regions, which are possible to be mapped to the three modes of the system. For example, assuming the locus is an ellipsoid, if the hand slips against the object the center of rotation will be inside the ellipsoid, while in pivoting mode the COR is on the ellipsoid. Figure 5 illustrates the result of Theorem 11 for an example where normal forces are varied. Theorem 12. The twists for sticking with the largest margin corresponds to the generalized eigenvector ofÂ and B with the smallest eigenvalue through
Similarly, the twists corresponding to slipping mode with the largest margin can be found using the eigenvector with the largest eigenvalue
Proof. According to (37), sticking with the largest margin is obtained at the minimum of
under the constraint of (35b), that is
Similarly, slipping with the largest margin is obtained at the maximum of (71) under the constraint of (41b), that is
Given the facts that C is diagonal and Λ = C+I, the optimization problems have trivial solutions with w having only one non-zero element in the row corresponding to the smallest or largest element of Λ. Applying the relations (35a) and (41a) completes the proof.
The amount of sticking margin can be characterized as the minimum external wrench disturbance at the object frame, w dist that can cause a mode change from sticking mode. Certainly, if ν h is close to an unstable boundary of the motion cone, the effect of the mode change is more drastic. Theorem 13. The largest sticking margin is
where the smallest and largest generalized eigenvalues ofÂ and B are denoted by λ min and λ max , respectively.
Proof. From the proof of Theorem 12, we know that the largest margin is achieved for w that is zero except at the row corresponding to λ min . This ensures that w T Cw < 0 is minimized given the constraint that w = 1. To change the mode of the system, the additional wrench has to fulfill
Since C = Λ − I is diagonal, the shortest distance to the cone is simply obtained from
where ∆w is the only non-zero element of ∆w corresponding to the largest eigenvalue. Accordingly, the solution is
The proof is completed by transforming ∆w to the object frame using (25).
When the velocity of the patch is limited to linear velocities (ω h = 0), possible wrenches generated by the patch lie on a plane. Consequently, the optimum of (71) must be obtained in that subspace. Theorem 14. If the friction is isotropic, for a linear motion, sticking with the largest margin is obtained when the velocity is aligned with the line connecting the COP of the object to the COP of the patch.
Proof. Minimizing (71) under the constraint (72) is equivalent to minimizing
under the constraint.
Additionally, limiting to linear motions we must impose
Since the friction is assumed to be isotropic, we can reorient {O} such that the y-axis points to the COP of the patch. Additionally, we align {H} with {O}. Now assume A = diag([a, a, a 3 ]) and
where J := J T ([0 , r] T ) and r is the distance between the COP of the object and the patch. Since ω h = 0, for evaluating (78) and (79) only the first two rows and columns ofÂ −1 and A −1 BÂ −1 are important. These submatrices are equal to
The minimum of (78) is obtained along the longest axis of the ellipse defined by (83), that is the y-axis.
Note that the result of Theorem 14 applies to the case when no angular velocity for the patch is permitted. In fact, if it is allowed, under the same assumption of isotropic frictions, the sticking direction with the largest margin will be perpendicular to the line passing through the COPs of the object and the patch. This can be confirmed by evaluating (69) or by evaluating the generalized eigenvalues ofÂ −1 and B −1 , which gives the solution to (78)-(79).
All the velocities in the motion cone corresponding to sticking mode are fixed-points of the system. However, half of the fixedpoints lying on the surface of the cone are unstable. The next theorem proves this. Theorem 15. If a certain twist on the boundary of the motion cone results in a stable fixed-point, then the fixed-point resulted from the opposite twist is unstable.
Proof. At a fixed-point of the system, the patch will not displace with respect to the object. Accordingly, we first derive the dynamics of the relative pose q rel = R(−θ o ) (q h − q o ). By taking the derivative of the expression, we finḋ
We linearize the system at the boundary of pivoting and sticking modes, i.e., at q rel = q 0 where α = 0. The eigenvalues of the linearized system will tell us about stability of fixed-points when the system is perturbed away from the sticking region. Denoting the variation in q rel by ∆q rel , the linearized system can be written as∆
Here, we have considered α = α(x r , y r , θ r ), which is the solution of (31).
First, we observe that M is a matrix of rank 1, since its columns are scaled versions of the same vector. Accordingly, M has at most one nonzero eigenvalue, which can be expressed as
and the corresponding eigenvalue is
Note that α is an even function of ν h , i.e., the solution of (31) is the same for both ν h and −ν h . Hence, the gradient of α is unaffected by changing the direction of motion while u according to (87) will be negated. Therefore, we conclude that for opposite twists, the signs of the eigenvalues of the linearized system are different. This implies that if a fixed-point resulted from a twist on the boundary of pivoting and slipping regions is stable, the fixed-point due to the opposite twist cannot be stable.
As it can be concluded from the proof of Theorem 15, the relative position does not have an asymptotic stability. Thus, the patch can gradually drift with respect to the object unless the system is forced into sticking mode with some margin. Moreover, to find if a direction of motion is stable, we have to check whether the sign of expression (88) is negative or not. Although it is possible to derive an analytic expression, a practical way is to check what direction the object would rotate toward if it is perturbed away from the fixed-point. For linear motions this approach works even if the object is far from the fixed-point, since the object rotates always toward a stable fixed-point.
Approximate solution
In this section, we develop an approximate solution to the problem of determining the velocity of the object in pivoting mode assuming that the variation in the pivot point is limited, e.g., when the torsional friction of the patch is small. The approximate solution has to solve the same set of equations as before, i.e., (24) and (26)- (28), but we relax some of the constraints assuming a known estimate of the pivot point. In practice, having such an estimate is realistic, since it is desired to keep the pivot point close the center of the patch. Moreover, we can devise an iterative algorithm to update the position of the pivot point in order to improve the accuracy of the solution.
The condition for the pivot point can be expressed as
where J p ∈ R 2×3 corresponds to the first two rows of J(p), which is the Jacobian of the position of the presumed pivot point p defined in the hand coordinate. Using the definition of ν rel in (28), combined with (26), we find
where we have defined v p := J p ν h .
Considering (90), the general solution for w given v p is
where n = [y p , −x p , 1] T spans the nullspace of J p and γ ∈ R is an arbitrary constant. By introducingw := Φ T J † p v p and w 0 = Φ T n, we rewrite (91) as
Note that J p is a function of the pivot point, and hence w.
Substituting (92) into (24a) results in
where we have used the facts that k 1 > 0 and C is diagonal. From (93), we can solve for
After determining γ, we can substitute (92) into (24b) to find k 1 . Consequently,
Moreover, irrespective of k 1 , by putting w back to (26) it is possible to conclude
where the pivot point and γ depend on the friction parameters and ν h . Also using (21), we obtain
So far, we have ignored Equation (27) . From this equation, we find
There are two solutions to (93). Using Equation (99), we choose the one which results in a positive value for k 2 . Now, we can calculate ν rel from (27) and use (34) to update the pivot point.
Note that by choosing the frame of the hand at the pivot point, the relation simplifies to
In this case, the angular velocity of the object is equal to γ.
Other possibility that we can study using this formulation is when there is a fixed amount or no torsional friction. In this case, (24a) must be replaced by
which is a consequence of Proposition 1. Subsequently, we substitute (92) into (101) to get
If m p 0, Equation (102) can be solved together with (96) which results in a quadratic equation. However, if m p = 0 we find immediately
This result reveals the connection to pulling/pushing scenarios in which there is no torsional friction at the pivot point. T . On the left, the approximate solution based on the angle between the direction of hand motion and the stable boundary of the motion cone, on the right the final amount of rotation based on simulated sliding. If the hand is initially placed in the white area, the patch will touch an edge of the object or goes outside of the object boundary. In the dark blue area in the middle, the hand and the object stick together.
Strategies for sliding
In this section, we consider an application of the model developed in previous sections. Specifically, we are interested in using a robotic soft finger to reorient a flat object on a table. This can be done similarly to how a human would manipulate a cell phone on a table, as illustrated in Figure. 1. When a part of the hand is used for reorienting an object, we leverage on the fact that there is a pivot point in the vicinity of the contact region. The instantaneous pivot point is the point where the patch and the object have the same velocity, i.e., the relative velocity is zero. Note that a pivot point at infinity is not interesting since it implies that the patch slides completely against the object, hence cannot move it. See Figure 12 for an example of the locus of the pivot point and the origin of the hand frame during sliding motion.
For sliding, the placement of the hand is constrained by
• the direction and amount of rotation,
• final constraints such as not causing the object to topple at the edge of the surface,
• the weight of the object to avoid flipping it,
• the requirement for pivoting, i.e., the object should not be caged.
If the trajectory of the patch and its final relative pose with respect to the object are given, then there is not much freedom left for the initial placement of the hand. Otherwise, the placement can be optimized for different criteria, such as the shortest distance to achieve a certain rotation or the lowest uncertainty, e.g., by ensuring that the desired pose is a stable fixed-point.
When using a linear motion to reorient an object, the upper limit for the amount of object rotation is the angle between the velocity vector of the patch and the line passing through the COPs of the patch and the object, provided that the friction is isotropic and there is no torsional friction (Huang et al., 2017) . A more accurate estimation can be obtained by measuring the angle between the velocity vector and the stable boundary of the planar motion cone for a given hand placement. Figure 6 visualizes the amount of expected rotation as a function of the initial hand placement from simulation and compares it with the approximation based on motion cones.
If the goal is to rotate the object to a desired orientation on the edge of a table, a possible strategy could be to place the hand on the side where a straight trajectory gives a feasible solution for a long enough surface. The friction patch should be close to the edge to shorten the distance, but not exactly at the edge to allow for pressing the object downward even when the object has reached the edge of the surface. The placement should also leave some margin to the borders of the object since the relative position of the patch and the object may vary during the motion.
From the dynamical system described in Section 3, we know that only two out of the three following quantities can simultaneously be controlled: (i) normal force, (ii) velocity of the hand, (iii) the position of the pivot point. Moreover, possible feedback signals for a controller are w h , ν o , q o , and q rel .
For example, we may keep the normal force at a minimum amount required for stopping rotation. Then, using the feedback from the actual angle of the object, the normal force can be decreased if the angular velocity has to be increased. Accordingly, a simple proportional controller can be designed as
where θ re f is the reference angle and f U an upper limit for the normal force, which can be obtained from the model, sat(·) is the saturation function with tunable upper and lower limits, K is the proportional gain.
A lower bound for the normal force can be chosen such that there will be no slipping mode and a fixed-point, i.e., switching to the sticking mode is guaranteed. More advanced schemes might include an integral action to reduce the sensitivity to f U , and a feedforward term.
Experiments and results
We performed a number of simulations and robotic experiments to validate the model and its application. The simulations were Figure 7: Sliding an object along a straight line from left to right for several fixed normal forces. The origin of the object frame, the origin of the hand frame and the pivot point are shown in blue, red, and cyan, respectively. The dashed lines represent the boundary of motion cones. The slipping and sticking cones are shaded in light red and light blue, respectively. In the top-left figure, the hand slips after some time completely outside the boundary of the object, while in the bottom-right figure the mode is always sticking because of the increased normal force. On the left, the tip of the velocity arrow is inside the motion cone, thus the patch sticks to the object. On the right side, the liner velocity has increased and the object is pivoting against the patch.
carried out in Matlab, and the robotic experiments were performed by a Kuka LBR iiwa7 robot.
Simulations
We present the results of simulations of the model with the parameters specified here. The box dimensions are 15.6 × 23.6 cm. The patch is circular with a radius of 2.0 cm. The weight of the box is 450 g. The coefficient of friction between the box and the surface and the soft finger and the box are µ oe = 0.2 and µ ho = 0.8, respectively. We assume a uniform pressure distribution between the box and the surface when the box is not pressed and a Hertzian pressure distribution for the soft finger.
To account for the shift of COP, we use (58) with c = 0.6 and δ = 2.
In Figure 7 , simulation experiments in which the blue box is being moved from the left to the right by a soft finger are illustrated. The initial placement of the soft finger is r = [−3, 7] cm. The end-effector moves at 1 cm/s in the x direction. The simulation runs for 50 seconds. Each subplot corresponds to a certain constant normal force. Considering left-right top-bottom ordering, the normal forces are 1.43, 1.7, 4, and 6 N, respectively. The trajectory of the patch, pivot point, and object are visualized. Note that for generating Figures 4, 5, and 6 presented in previous sections, we have used f n = 2.5 N, r = [−3.5, 6] cm, and f n = 2.5 N, respectively while remaining parameters were set according to the values given in this subsection.
When the soft finger is moving with an angular velocity, the mode depends on the magnitude of the linear velocity. Thus, for the same normal force, angular velocity, and direction of velocity of the finger, different modes might arise. This is because of the fact that when ω h 0, the modes are no longer mapped to planar cones. Instead, the boundaries of the regions in two dimensions can be represented by the intersection of the motion cone described in Theorem 8 with the plane corresponding to the angular velocity ω h . Figure 8 shows an example where the finger is rotating at −π/80 rad/s for 40 seconds. On the left side, the linear velocity is chosen so that it is within the sticking region. In this case, the object is rotated by 90
• . On the right, the linear velocity is slightly increased such that it enters the pivoting region, resulting in a faster rotation of the object, exceeding the 90
• rotation by the end of the simulation. 
Robotic experiments
The experimental setup consisted of a KUKA light weight iiwa7 robot arm, with an ATI Gamma force-torque sensor mounted at the wrist. A number of soft fingers were manufactured, and are shown in Figure 10 , together with the end-effector of the robot and the object used in the experiments (a hard-cover book). The positions of the robot and of the object were recorded using an Optitrack motion capture system.
Sliding trajectory
To verify the accuracy of the dynamical system presented in Section 3, the soft finger mounted at the robot end-effector was pressed against the object and commanded to move at a certain velocity, while maintaining a constant normal force. An image sequence of one trial is shown in Figure 9 , with the trajectories of the center of the book overlaid in blue and of the center of the friction patch in red.
An experiment under similar conditions was tested in simulation, calculating the trajectories of the object, finger, and pivot point, and the forces that arise from this interaction. In Figure 11 , the full state of the system and the wrenches at the hand frame as a function of time are shown for both simulation (solid) and experimental (dashed) data. To identify A, B, and s, i.e., the percentage of the shift of COP due to loading, we set up an optimization problem that minimizes the error between the simulated experiment and the measured data 
Modes and motion cones
Validation of the motion cones and possible modes was carried out by placing the soft finger at different locations on the book and performing linear motions in various directions, with zero angular velocity, while maintaining a constant normal force. The angular velocity of the object was recorded and is visualized in Figure 13 for two different locations. The symmetry presented in these results confirm what is posited in Corollary 1. The left side of the figure shows the angular velocities when pressing the soft finger with a normal force of 6 N. Since the friction is approximately isotropic, according to Theorem 14 the soft finger sticks to the object when moving towards or away from the COP of the object. When moving perpendicularly to this line, the object pivots and has some rotational velocity. The right side shows the same effect with a normal force of 2 N. The patch slips against the object when moving along a direction close to the line that passes through the COPs of the object and of the patch and pivots when the velocity is perpendicular to that.
Controlled sliding
One of the main observations of the proposed model is that, by regulating the normal force applied by the soft finger, we can modify the trajectory of the object. As discussed in Section 3.1, an increase in the normal force applied on the object through the friction patch slows down the rotation. Given a patch location and a velocity direction, a reference trajectory for θ o can be defined, as long as it stays within the calculated limits as in Figure 6 . Figure 15 illustrates the result of an experiment for tracking a desired trajectory of the object orientation. A force controller was implemented on the robot to realize the proportional control law (104). This simple proportional controller was able to closely track the reference trajectory, applying larger normal forces to keep the object from rotating, and relaxing the pressure whenever faster rotation was required.
Discussion
The experimental results suggest a good match between theory and practice. The assumptions of quasi-static motion and ellipsoid approximation of limit surfaces hold in our experiments. However, when the contact areas are not negligible, an accurate estimation of the location of COPs becomes important. Accordingly, due to variability in the pressure distribution and friction coefficients (Yu et al., 2016) , applying nominal values may not be adequate and hence feedback must be employed. A frictional patch allows both pulling and pushing of an object. Compared to pushing scenarios (Mason, 1982; , we observe that the torsional friction adds some stability margin for pushing. Nevertheless, reversing from a stable motion at the border of the pivoting region is unstable and sensitive to small perturbations. Additionally, at the stable fixed-point, the center of a circular patch would not align with the COP of the object, in contrast to the scenario where there is no torsional friction considered by Huang et al. (2017) . Another observation is that, if the friction is anisotropic, the main axis of the motion cone corresponding to sticking mode is not directed toward the COP of the object.
A fundamental difference between our model and previous studies based on pulling/pushing is the inclusion of torsional friction. Since the torsional friction can be regulated by adjusting the normal force, we have in effect an extra degree of actuation besides the motion of the hand. This fact has been successfully utilized in the trajectory tracking experiment in Section 7.2.3. The reason that a simple controller such as (104) can work in practice is that for a given velocity of the patch, the angular velocity of the object (ω o ) could be approximated as a linear function of f n around a working point.
For a linear motion and a fixed normal force, the distance to cause a certain amount of rotation in the object is independent of the velocity of the patch. Moreover, by increasing the normal force, the motion cone widens, and hence the maximum possible rotation is reduced. At the same time, the object rotates slower, which results in a longer distance to achieve a certain amount of rotation.
According to Theorem 12, the generalized eigenvectors ofÂ and B can be interpreted as the principal sliding wrenches, while the generalized eigenvectors ofÂ −1 and B −1 define principal sliding twists. These eigenvectors and their corresponding eigenvalues provide important information for a sliding motion at a given configuration. Specifically, the eigenvectors characterize wrenches and twists that cause sticking and slipping with largest margins.
The approximation method developed in Section 5 can be viewed as an extension of the pushing model by ; , where the pusher can also exert torsional friction, and the ellipsoidal limit surfaces are given in their most generic form. If the pivot point is additionally allowed to displace, the model for planar sliding using friction patches is recovered. As explained in Section 5, the displacement of the pivot point can be accounted for in the approximate solution in an iterative fashion.
If the stiffness of the material in contact with the slider is low, we cannot assume the velocity of the patch as a control input anymore. However, for many practical applications the deflection of the soft finger with respect to the overall motion of the object is negligible. A possible extension is to augment the Coulomb friction model of the patch with a spring-damper model to account for the flexibility of the soft finger. This approach is somewhat similar to the work by Kao and Cutkosky (1992) , although they do not derive any dynamical system for time evolution of the system.
A more realistic friction model should be able to distinguish between static and dynamic friction coefficients. Moreover, higher order approximation of limit surface proposed by Zhou et al. (2018) can be adapted to our approach, although there may not exist efficient algorithms to solve the resulting systems of equation.
A control algorithm can benefit from haptic exploration for identification of the friction properties of the object being manipulated. For example, by adjusting the normal force and measuring tangential forces, it is possible to distinguish if the soft finger slides with the object or on the object. Such ideas can be incorporated for identification and control of the mode of the system. Using the developed model, several planning problems can be formulated and solved. A possible planning problem is to find trajectories to slide an object from an initial to a desired pose such the contact between surfaces is maintained and the normal force is within desired limits. Another example is to find minimal required normal forces to slide an object along a path without pivoting or slipping. Note that when the pivot point varies a lot, a simple approximation of the dynamics as an object with a joint is not sufficient. In such scenarios, a more elaborate dynamical system as the one presented in this article must be considered.
Conclusion
A mathematical model for planar sliding has been provided, where the friction between a soft finger and the slider generates forces for the motion of the object. The concept of motion cones are extended to find criteria for three modes of the system, namely sticking, slipping, and pivoting. In pivoting mode, the soft finger can be regarded as if it is connected to the slider using a joint, which in general slides on the surface of the object. This interconnection enables both pushing and pulling of the object.
We relax some of the common assumptions made for modeling frictional contacts such as diagonal matrices for approximating limit surfaces or having a fixed pivot point. The result of modeling is a hybrid dynamical system, which is used for finding fixed-points of the system and determining their stability.
The developed model can be used as the basis for planning and control design. For example, it makes it possible to predict the directions for stable sliding with the largest margin, to approximate the amount of rotation before reaching a fixed-point, to predict whether the contact is maintained or the soft finger would go off the surface of the object, etc. We evaluate the model experimentally. The comparison of the results with the simulated model suggests that the essential physical factors are captured in the model. In addition, we demonstrate the possibility of tracking a desired trajectory by regulating normal forces based on visual feedback.
In the future, we consider designing adaptive and robust controllers to deal with the variations in the parameters of the system during sliding.
C Proof of Theorem 5
Proof. Firstly, we show that it is impossible to have no active modes, i.e., there is at least one active mode. Secondly, we prove that it is impossible to have any two modes active at the same unless ν h = 0.
Let us define
f (β, γ) := w(β, γ)
T Cw(β, γ)
where w(β, γ) = (βI + γΛ)
−1ν
h . If neither sticking mode nor slipping mode is possible, from conditions (39) and (43), we conclude f (β, 0) > 0, (114a) f (0, γ) < 0.
Also define g(α) := f (1, α). According to (113), sign f (β, γ) = sign g(γ/β). Consequently, conditions (114) can be written as g(0) > 0 and for a large enough α g(α) < 0.
Since g(·) is a continuous function, there must exist an α > 0 such that g(α) = 0, i.e., there is a solution in pivoting mode. Therefore, it is impossible to have no active mode.
For ease of reference, here we summarize (39), (30), and (43), which provide the criteria for sticking, pivoting, and slipping modes, respectivelyν
